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REGULARITY OF SOLUTIONS TO QUASILINEAR INFINITELY 
DEGENERATE SECOND ORDER EQUATIONS 

LYUDMILA KOROBENKO AND CRISTIAN RIOS 



Abstract. The main result of the paper is on the continuity of weak solutions 
of infinitely degenerate quasilinear second order equations. Namely, we show 
that every weak solution to a certain class of degenerate quasilinear equations 
is continuous. More precisely, we show that it is Holder continuous with respect 
to a certain metric associated to the operator. One of the essential features of 
this metric is that the metric balls are non doubling with respect to Lebesgue 
measure. The proof of the continuity together with a recent result by Rios 
et al. |10| completes the result on hypoellipticity of a class of second order 
infinitely degenerate elliptic operators. 



1. Introduction 

In this paper we consider a second order divergence form quasilinear operator of 
the form 

L = V T A{x, -)V 

where x € fl with Q a bounded domain of R™, and the matrix A(x, ■) is nonnegative 
semidefinite, and study regularity of weak solutions to the corresponding second 
order equations. We do not assume that A is elliptic, moreover, it can degenerate 
to infinite order i.e. its eigenvalues are allowed to vanish together with all of their 
derivatives. Our assumptions on the degeneracy of the operator will be stated in 
terms of the associated metric balls. 

Our main interest is the regularity of weak solutions. One of the ways to describe 
the regularity is in terms of the operator being subelliptic or hypoelliptic. The 
criteria of subellipticity for linear operators have been given by Hormander [5] for 
operators given in terms of vector fields; and by Fefferman and Phong [3] in terms 
of subunit metric balls associated to the operator. In particular, it follows that 
an infinitely degenerate operator cannot be subelliptic. Hypoellipticity of a certain 
class of such operators, however, have been established by Fedh [2] and later for 
a more general class by Kohn [5] and many others [5J [5J [T]. For the infinitely 
degenerate quasilinear operators hypoellipticity has been recently shown by Rios et 
al 10 in the assumption that the coefficients can only vanish on hyperplanes. This 
result, however, relies on the a priori assumption that the solution is continuous. 

Our main result implies continuity of weak solutions of certain degenerate quasi- 
linear second order equations. Namely, we show that every weak solution to a 
certain class of degenerate quasilinear equations is Holder continuous with respect 
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2 KOROBENKO AND RIOS 

to the induced metric. This in term implies continuity, thus completing the result 
on hypoellipticity. 

We mainly use the approach of E. Sawyer and R. Wheeden [TT], namely we 
consider metric balls associated to the operator. The main difficulty is that the 
balls associated to infinitely degenerate quadratic forms do not satisfy a doubling 
condition 

\B(x,2r)\<C\B(x,r)\ 
where x £ f2, and < r < oo. This prevents us from using the theory of homoge- 
neous spaces and the vast body of results established for this type of spaces. We 
also do not assume the containment condition 

E{x,r) CB(x,Cr £ ) 

where E(x, r) is the Eucledian ball. It is known [3] that the above containment 
condition is necessary for subellipticity, and in the case it is not satisfied the highest 
regularity result one can hope to establish is hypoellipticity. 

The paper is organized as follows. In Section [2] we give the basic definitions, 
state our main assumtions and formulate the main result. In Section [3] we intro- 
duce classes of weak solutions needed to implement Moser iterations. Section |4] is 
dedicated to the proof of our main result — "metric" Holder continuity of weak 
solutions. First, we prove a Harnack inequality by means of performing Moser iter- 
ations. Then in the usual way from Harnack inequality we derive Holder inequality 
with respect to the metric d(x, y) associated to the operator. This estimate together 
with a weak containment condition will then imply continuity of solutions. Finally, 
in Section [5] we consider subunit metric associated to the operator and establish 
some of its properties. 

2. Degenerate Sobolev spaces and weak solutions 

Let ft C l n be an open bounded domain. Consider the following second order 
quasilinear equation 

(2.1) Lu = V T A(x, u(x))Vu = f 

in Q where the matrix A = {a^} is nonnegative semidefinite and can degenerate 
to infinite order. We will assume that A(x, z) satisfies the following structural 
condition for a.e. x £ ft and all z £ R, £ £ 1" 

(2.2) k£ T Q(x)£ < t T A(x,z)£ < K£ T Q(x)£ 

for some K > k > and nonnegative semidefinite locally integrable matrix Q(x). 
Note that if we denote A(x) = A(x,u(x)) for a particular solution u(x) then (I2.2[) 
obviously holds with A{x) in place of A(x,z). To define solutions to (12.11) in the 
weakest sense possible we adopt the notion of strong degenerate Sobolev spaces [12] . 
Let Q(x, £) = £ T Q(x)£ be a locally integrable nonnegative semidefinite quadratic 
form 

Definition 1. A form-weighted vector-valued L 2 space £ 2 (Q,Q) is a space consist- 
ing of all measurable W -valued functions f(x), x £ CI, satisfying 

U\cHn,Q) = yj(x) T Q(x)f(x)dxy = {Jtf{x)] 2 Q d x y < oo 
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where we denote [U(x)]q — U(x) T Q(x)U(x) for any vector-valued function U(x). 

Definition 2. We define a space Wq (ft) to be the completion of Lip(fl) under 
the norm 

IMIvi^ 2 (Q) = I / (hi 2 + [VHq) > ~ IMU 2 (fi) + \\Vw\\c 2 (n,Q) 

By [Wq ) (ft) we mean the closure of Lip c (ft) in Wq (ft) where Lip c (fl) is the 
space of Lipschitz functions with common compact support. 

As shown in 112 if u £ Wq (ft) the gradient Vu is not uniquely determined 
by u. Therefore, Vu denotes one of the vector- valued functions in £ 2 (ft, Q), such 
that Vitfc — > Vu in C 2 (fl,Q) and u is obtained as a limit of a Cauchy sequence 
of Lipschitz functions {uk}. We write («, Vu) £ Wq (ft) for u £ Wq (ft), so 
Wq (ft) is the first compact projection of Wq (ft). An element (u, Vu) £ Wq (ft) 
is nonnegative if u > 0. 

Definition 3. A pair (u, Vu) £ Wq (ft) is a weak solution of i2.1\) in ft if 

(2.3) - [(\7u) T A\7w= j fw 

for every nonngegative w £ I Wq ) (ft). A function u £ Wq (ft) is called a weak 
subsolution (supersolution) if the above holds with > (<) in place of equality. 

To state our main result about the regularity of weak solutions we assume the 
existence of a certain metric d, such that the metric balls B(x, r) = {y : d(x, y) < r} 
satisfy the following two conditions 

• Vx £ ft 3a x : R + — s- M. + decreasing and such that a x (r) > for any r > 
and 

(2.4) E(y, a x (R)) C B(y, R), Vy £ ft, VR > 

• For any x £ ft, any r > there exists R > depending on r and x such 
that 

(2.5) B(x,r) cE(x,R) 

A natural choice of such metric is the subunit metric which will be discussed in 
Section [5] All of the results, however, are axiomatic in the sense that if one can 
find any metric satisfying the required assumptions the results will hold true. For 
other choices of metric balls, e.g. flag balls and adapted noninterference balls, see 

Condition (J2.4I) essentially says that the metric balls cannot collapse to zero measure 
sets for non-zero radius, in particular, metric balls are open sets. Condition (|2.5j) 
assures that the metric balls do not become infinitely large, in particular, for any 
x € ft there exists 6 > such that B(x, r) C ft for any < r < 6dist(y, dft). 

We will require the following Sobolev inequality: there exists a > 1 and S > 
such that for all balls B = B(y, r) with y £ ft, < r < 5dist(y, dft) there holds 




( 2 - 6 ) < n^ \*r ) < c 
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for all (w,Vw) € (Wq ) (B), the closure in Wg (B) of (w,Vmi) where iu <E 

Lip c (B). 

We also require the following very weak Poincare- type inequality: there exists 
A > 1, k > and S > such that for all balls B = B(y,r) with j/6fl, < r < 
Sdist(y, dQ) there holds 

(2-7) /k-MBl<^|^|P/[VH 2 Q 

for all (w,Vw) £ WA (AS) where we denote (u)) s = (1/B) J B w. The constant 
M > 1 depends only on A on the right hand side, and can be taken to be M = 4A. 
Note, that in the expression on the right we have the ratio (|Mi?|/|_B|)' c which in 
the case of doubling metric is equal to a dimensional constant. In the nondoubling 
case, however, this ratio can become unbounded as r — > 0. We also note, that it 
is a (1,2) Poincare inequality and it obviously follows from either (1,1) or (2,2) 
Poincare inequalities. 

The next assumption, which is used in implementing Moser iteration, is the 
existence of a certain accumulating sequence of Lipschitz cutoff functions, similar 
to [TT], [TJ]. We assume there are positive constants v, N and S such that for each 
ball B(y, r) with y £ O, < r < Sdist(y, dil), there is a sequence of Lipschitz cutoff 
functions {ipj}^L 1 with the following properties: 

Ei = supp^i C B(y, r) C B(y, Mr) 

B{y,vr) C {x : ipj(x) = 1}, j > 1 

(2.8) { E j+ i = suppV^+i <s {x : ip^x) = 1}, j > 1 
tpj is Lipschitz, j > 1 

JII V V'i]QllL-(S( a ,Mr)) < CV' J - ! 

We can now state our main result 

Theorem 1. Suppose that A(x, z) is a nonnegative semidefinite matrix in Q x R 
and it satisfies A2.2\) . Let d(x,y) be a symmetric metric in Q, and B(x,r) = {y £ 
fl : d[x, y) < r} with x £ Q are the corresponding metric balls. Then every weak 
solution of \2.1)) is continuous provided 

(1) the containment condition {2.1$ holds 

(2) the boundedness condition \2.5\) holds 

(3) the Sobolev and Poincare inequalities \2. 6\) and \2.1ty hold with the given a 

(4) the "accumulating sequence of Lipschitz cutoff functions" condition 
holds. 

More precisely, u satisfies 

(2.9) \u{x) - u{x')\ < C ■ 




\B{y,Mr)\J B{Vtr 

for x, x' £ B{y, v^r) with some vq > 0. 

Remark 1. The integral term on the right contains a factor of \/\B(y,Mr)\ which 
in the doubling case is equivalent to l/\B(y, r)\ but in the nondoubling case can be 
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essentially smaller. This gain, obtained from carefully performing Moser iterations, 
turns out to be crucial and allows us to prove continuity. 

Corollary 1. Let all the conditions of Theorem [7] be satisfied. If, in addition, 
the containment condition {2.1$ is satisfied with a(r) = Cr 1 ' 5 then u is Holder 
continuous, namely estimate \2. 9}) holds with d{x,x') replaced by C\x — x'\ e . 

Remark 2. The above Corollary partially generalizes the result [111 Theorem 8] for 
the case of nondboubling metric balls. Note that containment condition \2.J$ with 
a(r) ~ r 1 ' 5 does not imply a doubling condition. We say "partially generalizes" 
because the operator in [11] includes lower order terms and more general zero- order 
terms. 

3. Sub and super solutions 

In the process of performing Moser iterations we will need to use the equation 
that a nonlinear function of u satisfies. As it turns out, a nonlinear function of 
a weak solution to (|2.1j) we will be considering, satisfies a certain equation in the 
integral sense for a smaller class of test functions. Following [11], [12] we now 
introduce weaker classes of solutions to (12.11) . 



Definition 4. Let W be a subset of nonnegative elements in [Wq' ) (fi). A 

function u £ Wq (O) is a W-weak solution (subsolution, supers olution) to \2.1\) in 
fi if the integrals in Ii2.3\) are absolutely convergent and the indicated (in)equality 
holds for all w G W '. 

We next define a class of "admissible" functions (as in [TT]) that we will further 
compose with u g Wq 2 (VL). 

Definition 5. Let I e R be an interval and h e C l (I) C\ Ci w (I) be positive and 
monotone, where Ci w (I) is the space of piecewise twice continuously differ entiable 
functions on I . The function h is said to be admissible on I if there exists a positive 
constant C such that 

\ti(t)\, \h"{t)\, \tti'(t)\<C, tel. 

Moreover, given u € Wq (Q), we say that h is admissible for u if h is admissible 
on some interval I containing the range of u. 

Remark 3. If u £ Wq (fl) and h is admissible for u, it follows that u — h{u) 
belongs to Wq (Cl) provided fl is bounded. For the proof see [4] Lemma 7.5] . 

When composing hi E L°° with u £ Wq' (O) we might run into problems when 
u takes values in the set of discontinuities of h' . To make sense of the expressions 
like (h! o u)Vu we will use the following proposition [12] 

Proposition 1. [T^l Proposition 22] Suppose that (u,X7u) £ Wq (f2) where f2 is 
bounded, and let 

TZ U — {a e K : u — a on a set of positive measure}. 

With VregU = X{xen:u(x)<£iz u }^u we have (u, V reg u) € Wq (fi) and (u,V reg u) 
satisfies 

(3.1) ||x«=oiV r e fl u| \c 2 {a,Q) = VaeR. 
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We can now define the classes of "admissible test functions" which will be used 
as W-classes in the Definition 2) 

(3.2) M Q [u,h} = {we (W^ o (fl):w>0, ti{u)w € (w£ 2 ) Q (fi)}, 
whenever h is admissible for u, 

(3.3) £[u] = {ip 2 u:ipeC^ (Q)\, 

(3.4) A[u] = (t(j 2 h(u)ti(u) : ij) e C% X (Q,), h is admissible for u and h' > o\ . 

In the above definitions the following convention is accepted [12] 

• if u e WQ' 2 (tt) then h'(u) refers to the pair (h'(u), h"(u)V reg u) e Wq 2 (0) 

• if u, v € Wq (O) are represented by the pairs (u, Vu), (u,Vd) € Wq (0) 
then the product uv is represented by the pair [uv, uS/v + wVh) £ Wq (fi) 

Remark 4. Basic properties of the above classes as well as the motivation for 
defining them can be found in |11[ Remark 57] 

Let u = h(u) and h is admissible for u. Then u satisfies 

(Vu) T iVw = - /(V(w/i'(u))) T IVu+ I wx{ x m:u(x)£R u }h"(u)[Vu] 2 A 

for all w € \Wq ) (r2), where A{x) = A(x,u(x)). If in addition u is a weak 
solution of (|2.1j) then u — h(u) is a. A4q[u, h]-weak solution of the following equation 

(3.5) Lit = V T AVu = h'{u)f + X{xzCi:u(x)tK u }ti'(u)[Vu} 2 A 

If u is a weak subsolution (supersolution) of (|2.ip and h'(u) > 0(< 0) then u is a 
Mq[u, h]-weak subsolution of (J3.5I) . As we will see next we only need to exploit 
the fact that u is £[u]-weak subsolution (supersolution) of (|3.5I) . The following two 
lemmas (see [11) ) give a relationship between different classes of weak solutions. 

Lemma 1. Let u = h(u) and h is admissible for u. Then £[u] C A4q[u, h]. 

In particular, if u is a weak subsolution (supersolution) of (|2.1[) and h'(u) > 0(< 
0) then m is a £ [w]-weak subsolution of (|3.5p . 



Lemma 2. [11[ Lemma 56] Suppose u is a A[u]-weak subsolution of J2.1]) in £1, h is 
admissible for u and h'(u) > 0. Then u — h{u) is a positive £ [v]-weak subsolution 
of, 



Now, let w — ip 2 h(u) then from (I3.5|l we obtain 

(Vh(u)YAV^ 2 h(u)+ J X{ x en:u( x Hn^ 2 Hu)h"(u)[Vu] 2 A < - j r 2 h(u)h' unj 
For the left-hand side we have 
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(Wh(u)yAWtp 2 h(u)+ J X{ x en:u{ x nn u }^ h{u)h"{u)[VuY A 

= J ^ 2 T{u)[\/u] 2 A + 2 J (tpVh(u),h(u)Vip) 
>k I ' ^ 2 T{u)[\7u] 2 Q + 2 f (ipVh(u),h(u)Vip) 



where T(t) = ti (t) 2 + h(t)h" (t) = (h(t) 2 /2)". Applying Holder inequality and then 
Cauchy- Schwartz inequality with some < e < 1 to the last term and using 
we obtain 



(ijjVh(u),h{u)Wijj) 



<Ke f ^h'iufiVufQ+Ke- 1 f h(u) 2 [V^} 



rl.2, 



Now let u £ Wq (O) and assume that u — h(u) satisfies one of the following 

• r(u) > and u is a £[{t]-weak subsolution of (|3.5|) in Cl, 

• T(u) < and u is a £ [w]-weak supersolution of (|3.5I) in il. 

Then we obtain 

(3.6) y , ^(ir(u)i- e |fe'(u) a )[Vtt]|< e - i ^y'fc(tt) 2 [v^i+y'^fc(tt)i/ l , (u)ii/i 

4. Proof of the main result 

4.1. Harnack inequality. In this section we make use of the equation (|3.5[) for 
nonlinear functions of u and implement the Moser iteration to prove our main tech- 
nical result, the Harnack inequality. We first prove a Caccioppoli-type inequality 
for the Q-gradient of the powers of u. As in [IT] for j3 > 1 and M > we define 

h m - f tP > 0<t - M ' 

n P , M (t) -<^ mP + m ^ {t _ M)j t > M 

and h/3.M(t) — t@ for j3 < 1 and M > 0. One can show that hp t M is admissible for 
u £ [m, oo ) and then hp t M(u) £ Wq (fl) since f2 is bounded (see Remark [3]). We 
also have 

'/3^-\ 0<t<M, 



^,m(*) - | /3Jlf/9 _ lj t > M 



and 
where 



r ( u ) = h 'i3,M( u ) 2 + hp,M{v)h'^ M {u) = n p (u)h' (u) 2 

f^r 1 , 0<t<Mor/3<l 
[1, i>Afand^>l 

Lemma 3 (Caccioppoli inequality). Let u £ Wq (Q) and satisfy one of the fol- 
lowing 

(4.1a) u is a positive weak solution of 112. 1]) in Q 

(4.1b) u is a positive A[u]-weak subsolution of \2.1)) in il and (3 > h 
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and ip £ C ' ($7), /3 £ M wii/i /3 ^ 0, \. Then the following inequality holds 

(4.2) J ^ 2 [Vu%<C^ 2 J u 2 ^^] 2 + 2^\p\ J ^ 2 u 2 ^\f\ 
where 

(4.3) up = mi" 



Proof. It follows from Lemmas [1] and [2] that u = h(u) = hp^j(u) is a positive £ [u\- 
weak subsolution of p. 51) when T(u) > and a positive E [u]-weak supersolution 
of (|3.5[) when F(u) < 0. Therefore, inequality (13.61) holds. Next, we note that 
|F(u)| > /j,ph'(u) 2 where fip is defined by (J4.3I) and choose e = j-^M/3 to obtain 

^ p J ^h'iunVu^^C^ 1 J ^ 2 h(u) 2 [Vyj} 2 Q + J i; 2 h(u)\h\u)\\f\ 

Letting M — > oo yelds the above estimate with u^ in place of hp t M{u). Finally, 
using (u^) /2 [Vm]q = [Vm^]q we have 

i, 2 [Vu%<C^ 2 j u^ml+2^\$\ j i>>u^\f\ 

whenever ib £ C ' (fi), /3 € R with /3 7^ 0, i and u is bounded below by a positive 
constant and satisfies (14.11). □ 



Remark 5. The assumption . _? 6[ ) as we/Z as t/ie .Mq[u, /i] c/ass of weak solutions 
are only used in the proof of the local boundedness result, Proposition^ which we do 
not present here and refer the reader to the proof of Proposition 59 in [11] instead. 
However, we still need to show that all the auxiliary results used in the proof hold 
true in our case. 

We now perform the Moser iteration on a weak solution of (|2.ip using the accu- 
mulating sequence of cutoff functions (|2.8j) to obtain a local bound on sup u by an 
L 2 -norm of u. This is a crucial step in proving Harnack inequality. 

Proposition 2 (Moser iteration). Let \j\ < 2, u £ Wq (Q) satisfy one on the 
following conditions 

(4.4a) 

u is a nonnegative weak solution of 112. 1\) in Q 

(4.4b) 

u + m is a positive A[u + m]-weak subsolution of \2. 1}) in SI for all m > and 7 > ^ 

Then for any metric ball B = B(y, r) with y £ Q, < r < 5dist(y, dtt) the following 
inequality holds 

(4.5) ess sup u(x) < \ — / u 2 ^ \ 

xeB(y.ur) (1 - v) r [\B(y, Mr)\ J B {,y,r) J 

where u = u + m(r) with m(r) = r 2 ||/||i=o, r = a/ (a — 1) with a, M and v as in 
\2.6\) . |£.7|) and \2.8\) . The constant C depends only on a and N from \2.8\) . 
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Proof. First assume that u satisfies (j4.ll) , we will later see that for our choice of f3 
it follows from (|4.4[) . Therefore, we can apply (|4.2|) and for each tp S C ' (O) and 
P e K with /3 ^ 0, 5 we have 

<C^ 2 Ju 20 m 2 Q + 2^ 1 \f3\Ji> 2 u 2 Pm(ry 1 \f\ 

where the last inequality is due to the fact that u^ 1 < m(r)~ l . Noting that 
ra(r) _1 |/| < r -2 we get 



j^ 2 [Vu% < C ^fju 20 [V^] 2 Q + 2^\ 



ip 2 u 2 



Next, we use the above inequality with an accumulating sequence of cutoff functions 
ijjj and a fixed subunit ball B = B(y,r). Denote B* — MB = B(y,Mr) and note 
that suppV'j cBCJS' \/j. Dividing through by the measure of the ball \B*\ and 
taking square roots we obtain 
(4.6) 

We now use Sobolev inequality (|2.6[) for w = ipjW . Then for some a > 1 we obtain 
using (J4.6I) 

< CMr (l + m- 1 ) | A_ j^ u^[V^f Q 

Using the properties of the cutoff functions ijjj 

supp^j = Ej 

i N 

W*h < C ^y 

yields 

(4.7) 



\B* 



u 2 ? 



where now the constant C depends on M in (|2.7[) . It can be shown that the constant 
in parenthesis is bounded by 

jN an / 

J. M{fi) = — C ( 1 ■>- l«l 1/2 



\-v ^' l-i/ V |2/3-l|V2 |2/3-l| 



10 
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Next, to iterate the inequality (J4.7I) . we fix 7 ^ and denote Uj = u 7<T . Take 
j3 = 7(T J_1 , one can see that for each j > 1 (|4. 1|) follows from (|4.4|) for this choice 
of/3. 

(4.8) 



of j3. Using Uj +1 — u a - we obtain from (J4.7I) 



1 



i^- + ii^ + r j+i . 

Let 



then from (1478 



|r>*|l/2 \p ler/2 -iVo- f 1 



"Hp5TV 7 



«j+l< 



I d*|(1-(t)/2| 171 Ict/2 „-JV<t 

1 ' ' jl -Ct^-^CA/^- 1 ))" 



l^+i l 1/2 (l-^) c 



iV, 



Iterating, we obtain 



limsupiVj < C I Yl 



\e~wP~* o~^r 



(M( 7 a J - 1 )) 



j-l\\<x 



Ni 



Next, we note that the product of the measures of the sets on the right has the 
form 

Further, 



3=1 



<j)/2ct j ' _ 



= exp log(|iT|)£ 



3=1 



1 1 



2cr3 2a!- 1 



\B*\* 



\B*\ 2 asm-KM 



and 



n 



\E 3 \ 1/2a 



j — 1 772 



771+1 



1 I 3+ 1 ! j = l / j=2 



\El I 



< 



l^li 



IB. 



m+l| 



|B(y,i/r-)|2» 



l^i 1 2 as m — > 00 



Therefore 



1 °° (at 

(4.9) limsupi^ < C- -^ J] (/^(Mfrcr?- 1 ))^) — / 

J->oo (1 - V) "- 1 fj[ V ' [\B*\ J E 



u 2 i 



Also 
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(4.10) esssup TP < lim sup Nj 

x£B(y,vr) j— >oo 



and therefore we only need to estimate the constant 



C, = U(j N ^-\M( w ^))^) 



where 



We can write 

- In [j N (l + | 7 ^- 1 | 1 /2 + . \"i. al rX._ A- J2£^X 



C 7 = C exp yj 



12-ycrJ- 1 — ll 1 / 2 ' |27crJ- 



In order to have C 7 < 00 we must ensure that ya^ 1 does not approach 1/2 for 
any values of j. We first note that for any 7 we have 7 < 7 < 717 with 7 of the 
form 7 = jcr^icr + 1) for some integer 77. Therefore due to the monotonicity of 

it is enough to prove (|4.5[) for 7 = 7. For this choice of 7 we have 



IW^-II^CI-O 

Indeed, if 77 > — j + 1 then 

2V- 1 - 1 = ia'^-V + 1) - 1 > I - I > 1(1 - a" 1 ) 
while for 77 < — j we similarly check that 

27o J '~ 1 -1 < -^(l-cr" 1 ) 
We therefore obtain 



C 7 < C CT (1 + | 7 | pW ) 
and for | -y j < 2 from (gU), (J4~TU)) 

(4.11) 

ess sup u ' < — < 7— —7 / u ' > < — < ,„ r „, / u ' 

Finally, we note that if 7 > 1/2 then for j3 = •ya^ 1 we also have f3 > 1/2. Therefore, 
u = u + m satisfies (|4.1|) as long as u satisfies (|4.4|) . D 

Harnack inequality will follow from the following auxiliary lemma (see Lemma 

H). 
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Lemma 4. Let w > be a measurable function defined in a neighborhood of Bo = 
B(x,ro). Suppose there exist positive constants t, c\, C2, M > 1 such that the 
following two conditions hold 

(1) 

(412) s» 7S (^V{ra/» 21 

for every Q < v Q < v < 1, < 7 < 2, where B = B(x,r) C B , MB = 
B(x,Mr) cB . 

(2) 

(4.13) sp\{xe B : logw > s + a}\ <c 2 \MB\ 

for every s > 0, some a > 0, and some p > 1. 
Then there exist a constant b = b(vo, c\,C2, T,p) such that 

(4.14) esssupw <be a 

u B 



Proof. Define 



(p(p) = ess sup (logw(y) — a) for v$r < p < 

yeB{x,p) 



We can decompose the ball B in the following way 

B = {y e B : \ogw{y) -a> -(f(r)} U {y € B : log w{y) - a < -<f{r)} 
Then, using condition (|4.13[) we have 

— 1~ia I . 2t ^ z °2 _2tioi 7i ,r 7->l , _wln 



B 


3| + e ,r |i 


^ a /-^/SV^ | B | 


^ 2 1 / p c 2 


|MB| 7 " ^Vp ' |MB| 


~ ^Vp 


B 





g27V _|_ e 7V 
B 

where </? = <p(r). 

Next, choose 7 so that the two terms on the right-hand side are equal (2 1 / p C2/ip 1 ' p )e 2rfv = e ltp , 
i.e. 

(4-15) 7 =Li og (JLJL\ = ±i og (jp 

if \2 l 'PC2j p<~p \ 2c 2 

To satisfy the condition < 7 < 2 we must then require 
(4.16) (p = <p(r) > c 3 

with C3 depending only on c%. In that case we have 



^ < V2e^/ 2 
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and using (|4.12j) 
hence, by (|4.15|) , 

If 

ol+2p 4p » 
( 4 - 17 ) ^) > ^il 

then the first term in parenthesis is less than 1/4 and therefore we have ip(yr) < 
3/4(/?(r). On the other hand, if (|4.16[) or (|4.1T[) do not hold, then there exists C4 
such that 

r\ J - (i_ V ^ VT 

Therefore, in any case we have 

( 4 - 18 ) V{vr) < \<p{r) + (l "l )ipT 

since tp(ur) < f{r). We now iterate this inequality with 

< Vq < V\ < v 2 < ■ ■ ■ < Vk < 1 
to obtain 

ty \ k k—i / o\ 3 



Choosing 

1 - Vq 

Vj =1 

3 1+3 

and letting k — > 00 we obtain 

<p(v r) < C(fo,ci,c 2 ,r,p) 
which concludes the proof. D 

We now want to apply Lemma [4] to a positive subsolution u. It has been shown 
in Proposition [2] that condition (|4.12|) is satisfied. The following lemma shows that 
(14.131) holds for u and l/u. 

Lemma 5. Let u = u + m(r), m(r) = r ||/||,loo with r < tq. Then for any 
P > k/2 + 1 where k is as in Ji?.7| ) there holds 

(4.19) s 1/p \{x € B : logu > s + (logn) s }| < C\MB\ 

(4.20) s 1/p \{x G B : log(l/u) > s - (tog«) B }| < C|MB| 
wii/i M > 4A as m 117 



14 KOROBENKO AND RIOS 

Proof. Denote v = lnu, for any s > 0, v € L (B) nonnegative we have 
s^\{xeB:v-(v) B >s}\< f \v-(v) B \^ 

J B 

Using Holder inequality we have 

\v-{v) b \V><(J b \v-{v) b ty'lB]*? 
and applying Poincare inequality (j2.7[) 

sV>\{x € B :v-(v) B > s}\ < (Cr) 1 '* 1 ***^' \B\^ J |[Vt^ 

Therefore, in order to prove (|4.19[) we need to show 
(4.21) j{Vv] 2 Q <^\MB\. 

XB 

Consider equation (J2.3I) and substitute w = %=- with ip € W ' (2A5), (p = 1 in AS 
and ||[Vi^]q||l°o < C/r. Here r is the radius of the ball B = B(x,r). We obtain 

J ip 2 (V\n(u)) T AV\n(u) = 2 f Lp\7tpA\7 ln(u) + / ^~ 

^2AS J2AB J2AB M 

by using Holder inequality on the first term on the right, we obtain 

^(V\n(u)) T AV\n(u)<c( f [V<p}\) (f ^ 2 [Vln(^) +/ 4 

2XB \J2XB J \J2XB J J2XB r 



<e ^[ V ln(u)]| + -/ Frft + LlJ. 

J2XB £ J2XB ' 

where in the last inequality we used Cauchy-Schwartz inequality. From (|2.2[) and 
the estimate ||[V<^]q||l°° < C/r it follows 



J2XB ^ J2XB 



_,, C\2XB\ \2\B\ 

n 1 



Now, we choose e small enough that the first term on the right can be absorbed 
into the left-hand side to obtain 



f <p 2 [vHu)} 2 Q <c l - 

J2XB 



\2\B\ 
p'lVin{u)\* Q <C 

I2XB 

which implies (|4.21|) . 

The proof of (I4.20J) follows in a similar way. D 

The following Harnack inequality is now almost immediate 

Theorem 2. Let u be a nonnegative weak solution of 12. 1)) in B(y,r). Then u 
satisfies the strong Harnack inequality 

(4.22) ess sup (u(x) + m(r)) < Cuar essinf (u(x) + m(r)) 

xeB(y,v a r) x£B(y,u r) 
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Proof. It follows from (|4.5|) . (|4.19[) . and (|4.20j) that the functions w\ = u and 
w% = \/u satisfy the conditions of Lemma 3] with a± = (lnu) B and a^ = — (lnu( B 
respectively. Therefore we have 

ess sup u < be^ nu ^ B 

v a B 

ess sup- < be~ {lnm) B 

u B u 

Multiplying the above inequalities we obtain (|4.22[) . D 

4.2. "Metric" Holder continuity. We will now establish Holder continuity of 
solutions with respect to the subunit metric. This and the containment condition 
(|2.4p then imply uniform continuity with a local estimate of the modulus of conti- 
nuity. We first formulate the result on the local boundedness of weak solutions. 

Proposition 3 (Local boundedness). Suppose that u is a weak solution to J2.1]) 
in f2 and that J2.6\) . \2.Tty , and 112. 8\) hold. Then u is locally bounded in Q. More 
precisely, ifydzQ. < r < Sdist(y,dfl) for sufficiently small 5, then 



(4.23) |MU°°(B(y,i/r)) < C ' 



1 / ■> \ 2 

r 



\B{y,Mr)\J B{y>r) 
where v > is as in \2. ffl) and M > 1 as in [2~ 



The proof is similar to the proof of Proposition 59 in [TT] and follows from (J4.5I) . 
Similar result has been recently established in a more general setting [13]. Note, 
however that we have a factor of 1/|MS| on the right hand side, and in the case of 
nondoubling metric it can be much smaller than the factor 1/|B| obtained in |13) . 
The next proposition follows from Harnack inequality and the proof can be found, 
for example, in [H Theorem 8.22], [TT] . 

Proposition 4. Let u be a nonnegative weak solution of \2. 1\) in B(y,R). For 
< r < R denote 

Lo{r) = ess sup u{x) — essinf u(x) 

xGB(y,r) xeB(y,r) 

Then we have 

w(r) < C{u{R) + R 2 \\f\\ L ~) (£f , < r < R 

Holder continuity of solutions with respect to metric d follows in a usual way 
from Harnack inequality using Lemma 8.23 of [4], which concludes the proof of 
Theorem [TJ 

5. SUBUNIT METRIC 

5.1. Definitions. Let Q(x,£) be nonnegative semidefinite continuous quadratic 
form. 

Definition 6. A Lipschitz curve 7 : [0,r] — > Ci is subunit with respect to Q(x,t;) 
^f 

(V(i) • if < 0(7(*),0 a.e. t€[0,rUg R n . 

Definition 7. We define 

d(x,y) = inf{r > : 7(0) = x, j(r) —y,^is subunit in fl}. 
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Definition 8. If d is finite on fl x Q we define subunit balls B(x,r) by 
B(x,r) = {y efl : d(x,y) < r}, x € fl : < r < 00. 
We will denote E(x, r) the usual Euclidean ball 

E(x, r) = {y e fl : \x - y\ < r}, x G O, < r < oo. 

We will assume that subunit balls satisfy the following conditions. 

(1) Vx € ft 3a x : M+ —¥ M+ such that a x (r) > for any r > and 

(5.1) E(y, a x (R)) C B(x, R), Vy e O, Vi? > 

(2) For any iGfi, any r > 

(5.2) |£(z,r)|<C n r" 

5.2. Accumulating sequence of cutoff functions. The following lemma is a 
variant of Proposition 68 in [11] . 

Lemma 6. Let Q(x,^) — CQ( X )£, l> e continuous nonnegative semidefinite quadratic 
form. Suppose that subunit metrics associated to Q(x) satisfies {2.$ , J2.5]) . Then 
there exist an accumulating sequence of cutoff functions satisfying A2.8\) . 



Proof. For any e > let Q £ (x,£ l ) = Q(x,£) + £ 2 |£| 2 - Then as it has been shown in 
[TT1 Lemma 66] the subunit metric d e (x,y) associated to Q 6 satishes 

[V x d £ (x, y)] Q < y/n, x,y eO 

uniformly in e > 0. Define 4>j(t), j > 1, to vanish for t>rj, to equal 1 for t < r, J+ i 
and to be linear on the interval [fj+i,?~j], where Tj — r J+1 = r/{kj 2 ), r\ — r. Here 
the coefficient k is to be chosen later depending on the size of the "inner" ball vB. 
Let ij)j(x) — (f>3j(d S3i ), we have 

[V^]q < ||V^||oo[Vd^] Q < ^-Vn. 
Let us denote r M = limj_ ! . 00 rj, we want to have r m > vr. Writing 



oo oo 

r 






f-f fci 2 k 6 



one can see that with k = 2/(1 — v) this condition is satisfied. Therefore we have 

(5.3) [V^-] Q < a r 



r(l -j/) 
Therefore, for e small enough the conditions in (|2.8|) are satisfied. □ 



Remark 6. Note that the condition that Q(x) is continuous cannot be easily omit- 
ted. In |14j the author constructs an example of a discontinuous solution to a 
degenerate linear elliptic equation (see Theorem 1.3 and Conjecture 6). However, 
the matrix Q in that case is discontinuous and this requirement seems to be essential 
for the construction. 
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